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Abstract
The introduction of a Lagrange multiplier field to ensure that the classical equations of
motion are satisfied serves to restrict radiative corrections in a model to being only one loop.
The consequences of this for a massive non-Abelian vector model are considered.
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The elusiveness of the Higgs Boson has led to reconsideration of various ways of endowing a
non-Abelian vector field with a mass. For a U(1) vector field, Stueckelberg has shown that such
a mass can be inserted “by hand” without compromising either unitarity or renormalizability [1].
Indeed, the U(1) sector of the Standard Model may have such a mass, which makes the masslessness
of the photon somewhat mysterious [2,3].
The Lagrangian for a massive SU(N) vector field Aaµ (a = 1...N , where N is the dimension of
the gauge group),
LI(A) = −
1
4
F aµνF
aµν −
m2
2
AaµA
aµ (1)(
[Dµ, Dν ]
ab = capbF pµν, , D
ab
µ = ∂µδ
ab + capbApµ , η
µν = diag(−,+,+,+)
)
has been investigated with the hope that the symmetry present would be sufficient to ensure that
this model for the vector Aaµ is both unitary and renormalizable for m
2 6= 0 even if the group
were not U(1) [4-23]. It has been shown that tree level unitarity is not upheld on account of the
1
longitudinal polarization of Aaµ [20-22] and that renormalizability is lost beyond one loop order [7,
12].
The equation of motion for Aaµ is
Dabµ (A)F
bµν −m2Aaν = 0; (2)
we can ensure that Aaµ satisfies this equation of motion by supplementing LI with
LII(A,B) = B
a
ν
(
Dabµ F
bµν −m2Aaν
)
(3)
where Baν is a “Lagrange multiplier” field. The Lagrangian L = LI +LII has been first investigated
when m2 = 0 in [24] and also later in [25]. In [24], it has been shown that perturbative radiative
effects vanish beyond one loop order and that consequently the model can be considered to be
“solvable”. We wish to now extend these considerations to the case m2 6= 0.
When m2 6= 0, no local gauge symmetry is present and so the generating functional is simply
Z[Jaµ , K
a
µ] =
∫
DAaµDB
a
µ exp i
∫
d4x
[
L+ JaµA
aµ +KaµB
aµ
]
. (4)
The terms in the action that are bilinear in the fields are
1
2
(
Aµ, B
a
µ
)( aµν aµν
aµν 0
)(
Aaν
Baν
)
(5)
where aµν = (∂2 −m2)ηµν − ∂µ∂ν . The inverse of the operator M in eq. (5) is
M−1 =
(
0 (a−1)µν
(a−1µν ) −(a
−1)µν
)
(6)
where
(a−1µν ) =
ηµν − ∂µ∂ν/m
2
∂2 −m2
. (7)
From eq. (6), we see that there is a propagator< BB > for the field Baµ as well as mixed propagators
< AB > and < BA >, but no < AA > propagator for the field Aaµ. This fact, combined having
only the vertices < AAA >, < AAAA >, < BAA >, and < BAAA > (ie, no vertex involves more
than one external Baµ field), leads to the disappearance of all loop diagrams beyond one loop order,
as in the m2 = 0 case [24]. The one loop diagrams receive no contribution from the propagator
< BB > or from the vertices < AAA >, < AAAA >.
To see more directly how diagrams beyond one loop order cannot contribute to Z, we first
perform the path integral over Baµ in eq. (4) to give
Z[Jaµ , K
a
µ] =
∫
DAaµ δ
(
δLI(A)
δApλ
+Kaλ
)
exp i
∫
d4x
(
LI(A) + J
a
µA
aµ
)
. (8)
This result follows from the fact that Baµ acts as a Lagrange multiplier field; we are using the
functional analogue of
∫
dxdy ei(h(x)+yf(x)) =
∫
dxδ(f(x))eih(x). The standard result∫
∞
−∞
dx δ(f(x))g(x) =
∑
i
g(ai)/f
′(ai) (f(ai) = 0) (9)
can next be used to evaluate the path integral over Aaµ in eq. (8). We obtain
Z[Jaµ , K
a
µ] =
∑
i
(
det
δ2LI(A)
δApλδA
q
σ
)−1
exp i
∫
d4x
(
LI(A) + J
a
µA
aµ
)
(10)
where the sum in eq. (10) is over those configurations that satisfy the equation of motion
δLI
δApλ
+Kpλ = Dpqρ F
qρλ −m2Apλ +Kpλ = 0. (11)
We can relate the result of eq. (10) with what is obtained by quantizing the action involving only
the Lagrangian LI of eq. (1). This will show directly that as a consequence of having supplemented
LI with LII , we have a model that has no radiative corrections beyond one loop order. If we consider
Z[Kaµ] =
∫
DAaµ exp i
∫
d4x
[
LI(A) +K
a
µA
aµ
]
(12)
and expand [28-29]
Aaµ = V
a
µ +Q
a
µ (13)
where V aµ is a solution to the classical equation
δLI
δAaµ
+Kaµ = 0 (14)
and Qaµ is a fluctuation about V
a
µ , then working to the term quadratic in Q
a
µ in the action we obtain
Z[Jaµ , V
a
µ ] ≈
∫
DQaµ exp i
∫
d4x
[
LI(V ) +
1
2
Qaµ
δ2LI(V )
δQaµδQ
b
ν
Qbν +K
a
µV
aµ
]
. (15)
The functional integral over Qaµ can be evaluated in eq. (15) to yield
≈
(
det
δ2LI(V )
δQaµδQ
b
ν
)−1/2
exp i
∫
d4x[LI(V ) +K
a
µV
aµ]. (16)
It is known that the exponential in eq. (16) is a consequence of tree level diagrams while the
functional determinant is a consequence of the one loop diagrams in the presence of a background
field V aµ [26, 27].
Eqs. (10) and (16) differ in two respects. First of all, one must set Jaµ = K
a
µ in eq. (10).
Secondly, as the connected Green’s functions are generated by W = −i lnZ, it follows that the
connected one loop Green’s functions that follow from eq. (10) differ from those that follow from
eq. (16) by a factor of 1/2.
It has been argued that tree level amplitudes that follow from eq. (12) do not satisfy unitarity
[20]. However, since explicit integration over the field Baν in eq. (4) leads to eq. (10) with all
contributions from tree diagrams being contained in the exponential occurring in eq. (10), we have
a heuristic demonstration of why it is plausible that the generating functional of eq. (4) is consistent
with unitarity. The configurations of Aaµ that appear in eq. (10) are all solutions of the classical
equations of motion; they incorporate the sum of all tree diagrams considered in ref. [20] and hence
it is apparent that upon summing all tree diagrams, the unitarity violating portion of the tree
amplitudes considered in ref. [20] will cancel.
The renormalizability of the model described solely by the Lagrangian LI(A) has been examined
in refs. [4-23]. By comparing eqs. (10) and (16), we see that the connected Green’s functions at one
loop order (whose generating functional is given by W = −i lnZ [28, 29]) for the models defined by
LI and LI+LII differ by a factor of 1/2. Consequently, if the model defined by LI is renormalizable
at one loop order, then the model defined by LI + LII is completely renormalizable.
Any discussion of renormalizability based on a direct analysis of Feynman diagrams which follow
immediately from LI is complicated by the term (kµkν/m
2)/(k2 + m2) appearing in the vector
propagator (of eq. (7)). This is because the usual power counting arguments normally used to
establish renormalizability breakdown. One might try to employ operator regularization to treat
the massive field as in ref. [17], as with this method of regularization, no explicit divergences ever
arise. However, if we were to work at one loop order in this model, operator regularization forces
one to use the result,
exp−i[k2Lµν +m
2ηµν ]t = e
−im2t
[
Lµνe
−ik2t + Tµν
]
(17)
(Tµν ≡ ηµν − kµkν/k
2 ≡ ηµν − Lµν). The term in eq. (17) proportional to Tµν necessarily results in
ill-defined loop momentum integrals, and hence use of operator regularization in conjunction with
the model of eq. (1) is problematic.
This difficulty can be overcome [7, 12] by adapting the Faddeev-Popov approach to quantizing
the massless Yang-Mills theory [30]. By inserting in turn the constant factors
const =
∫
DΩδ(∂µA
Ωµ − k)∆FP (18a)
const =
∫
dk e
−i
2α
∫
dx k2 (18b)
into the generating functional of eq. (12) (Aµ = T
aAaµ, A
Ω
µ = Ω(Aµ + ∂µ)Ω
−1, Ω = eiφ,∆FP =
det(∂µ(∂µδ
ab + capbApµ))) and performing the transformation A
Ω
µ → Aµ the generating functional of
eq. (12) becomes
Z[Kaµ] =
∫
DΩ
∫
DAaµ∆FP exp i
∫
dx
[
−
1
4
F aµνF
aµν −
1
2α
(∂ · Aa)2 (19)
−
m2
2
Tr(Aµ + Ω∂µΩ
−1)2 +KaµA
aµ
]
.
If only the lowest order contribution in φ is retained in eq. (19), then the integral over φ can be
evaluated and the one loop generating functional is found to be
Z[Kaµ] ≈
∫
DAaµ∆
1/2
FP exp i
∫
d4x
[
−
1
4
F aµνF
aµν −
1
2α
(∂ · Aa)2 (20)
−
m2
2
AaµA
aµ +KaµA
aµ
]
.
Any (one loop) divergences arising from this functional integral can be renormalized [7, 12]. (Indeed,
it is shown in ref. [30] that eq. (20) also arises in the Yang-Mills-Higgs model at one loop order
if the Higgs field were to be integrated out.) As a result, we conclude that the model defined by
LI + LII is renormalizable.
In refs. [15-17] the Kunimasa-Goto [4] form of the measure Yang-Mills model is examined and
it is purportedly shown that even at one loop order the model is not renormalizable. However, this
analysis is likely deficient as the implementation of background field quantization in these papers
for the “Stueckelberg” field is not consistent with the analysis of this technique provided in refs.
[28, 29]; consequently it is not clear if in fact it is one loop effects that are being considered in refs.
[15-17].
A canonical analysis of the system described by L is straightforward. The momenta that follow
from
piaµ = ∂L/∂(∂0A
a
µ) τ
aµ = ∂L/∂(∂0B
a
µ)
are
pia0 = τa0 = 0 (21a, b)
piai = F a0i −D
ab
i b
b + ∂0B
a
i + c
abcabBci (21c)
τai = F a0i = ∂0A
a
i −D
ab
i a
b (21d)
(aa ≡ Aa0, b
a ≡ Ba0)
which lead to the canonical Hamiltonian
H = −
1
2
(piai − τai)2 +
1
2
piaipiai +
1
4
F aijF
a
ij + (D
ab
i B
b
j )(F
a
ij) (22)
−aa(Dabi pi
bi + cabcBbi τ
ai)− baDabi τ
bi
+
m2
2
[
(Aai +Bai)2 − BaiBai − (aa + ba)2 + baba
]
.
The primary constraints of eqs. (21a,b) lead to the secondary constraints
Dabi pi
bi + cabcτai +m2(aa + ba) = 0 (23a)
Dabi τ
bi +m2aa = 0; (23b)
all constraints are second class provided m2 6= 0 [32]. This Hamiltonian is not positive definite.
Together, eqs. (21 a, b; 23 a, b) constitute a set of 4N second class constraints in phase space of
the 16N fields present (Aaµ, B
a
µ and their conjugate momenta). This leaves 12N degrees of freedom
in phase space: 6N being the three polarizations of the massive vector and their conjugate momenta
plus 6N similar degrees of freedom associated with the Lagrange multiplier field. Those degrees
of freedom associated with the Lagrange multiplier field are integrated out when arriving at the
expression of eq. (10).
In order to incorporate a Fermion ψ, we supplement LI of eq. (1) with
L′I = ψ(/p− /A
aT a − κ)ψ (24a)
and LII of eq. (3) with
L′II = −ψ/B
aT aψ + η(/p− /AaT a − κ)ψ + ψ(/p− /AaT a − κ)η (24b)
where η and η are, like Baµ, Lagrange multiplier fields used to ensure that the equations of motion
that follow from L′I are satisfied. Again, no effects beyond one loop order arise when considering
LI + L
′
I + LII + L
′
II .
To illustrate this, let us consider the Abelian limit of eqs. (1,3,24) so that
L =
1
4
(∂µAν − ∂νAµ)
2
−
m2
2
A2µ +Bν
[
∂µ (∂
µAν − ∂νAµ)−m2Aν
]
+ψ(/p− /A− κ)ψ − ψ /Bψ + η(/p− /A− κ)ψ + ψ(/p− /A− κ)η. (25)
The bilinear terms in eq. (15) can be written as
L2 =
1
2
(Aµ, Bµ)
(
aµν aµν
aµν 0
)(
Aν
Bν
)
+ (ψ, η)
(
K K
K 0
)(
ψ
η
)
(26)
where aµν = (∂2 −m2) ηµν − ∂µ∂ν and K = /p− κ. Since
(
aµν aµν
aµν 0
)−1
=
(
0 a−1µν
a−1µν −a
−1
µν
) (
a−1µν =
ηµν − ∂µ∂ν/m
2
∂2 −m2
)
(27)
(
K K
K 0
)−1
=
(
0 K−1
K−1 −K−1
) (
K−1 = 1/(/p− κ)
)
(27)
we see that the propagators < AA > and < ψψ > do not follow from L. As all vertices are at
most linear in Bν , η and η, we see that there are no diagrams beyond one-loop order in the loop
expansion for the effective action.
This approach to generating a unitary and renormalizable theory for massive vectors may be
applicable to the Standard Model. The study of this case is presently in progress [33]. It may be
necessary to consider such alternatives, both since the Higgs particle is proving to be difficult to
detect, and since the radiative corrections to the Higgs potential appear to “flatten” it [34-36].
It has been noted [37] that in the first order form of the Einstein-Cartan action in 2 + 1 dimen-
sions, the loop expansion about a vanishing dreibein and spin connection terminates at one-loop
order because the dreibein field enters the classical action only linearly. The same situation occurs
when considering the first-order Einstein-Hilbert action in 1 + 1 dimensions [38].
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